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An e x p l i c i t  s o l u t i o n  of t h e  l i n e a r i z e d  e q u a t i o n s  o f  motion i s  used 
t o  o b t a i n  t h e  d e v i a t i o n s  i n  end c o n d i t i o n s ,  A r  and '10, and t h e  a d d i -  
t i o n a l  bu rn ing  t i m e ,  A t ,  expressed  as i n t e g r a l s  of f u n c t i o n s  o f  t h r u s t  
a n g l e  d e v i a t i o n s ,  nX. Under t h e  c o n s t r a i n t  t h a t  @r = A9 = 0, t h e  cal-  
c u l u s  of v a r i a t i o n s  is  a p p l i e d  t o  minimize At .  The r e s u l t i n g  E u l e r -  
Lagrange e q u a t i o n  e v a l u a t e d  a t  & = 0 g i v e s  a s i m p l e  r e l a t i o n s h i p  which 
i s  used t o  show t h a t  At i s  a second o r d e r  f u n c t i o n  of @X. This  f u n c t i o n  
is  e v a l u a t e d  n u m e r i c a l l y  f o r  t h e  second s t a g e  of  a n  e a r l y  SA-6 d e s i g n .  
R e s u l t s  show t h a t ,  i f  t h e  mis s ion  is  accompl ished ,  t h e  t h r u s t  a n g l e  may 
d i f f e r  by as much as 2 deg rees  throughout  t h e  second s t a g e  w i t h  a p ro -  
p e l l a n t  p e n a l t y  o f  o n l y  34 pounds. It f o l l o w s  t h a t  t h e  c a p a b i l i t y  of  
meet ing  t h e  m i s s i o n  i s  t h e  prime r e q u i s i t e  of  a guidance  f u n c t i o n  and 
o p t i m a l i t y  is then  o n l y  a second o r d e r  cons i d e r a t i o n .  
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An e x p l i c i t  s o l u t i o n  of t h e  l i n e a r i z e d  e q u a t i o n s  o f  mot ion  i s  used 
t o  o b t a i n  t h e  d e v i a t i o n s  i n  end c o n d i t i o n s ,  Ar  and A e ,  and the  a d d i -  
t i o n a l  bu rn ing  t i m e ,  A t ,  exp res sed  a s  i n t e g r a l s  o f  f u n c t i o n s  of t h r u s t  
a n g l e  d e v i a t i o n s ,  AX. Under t h e  c o n s t r a i n t  t h a t h r  = ne = 0, t h e  c a l -  
c u l u s  of v a r i a t i o n s  is a p p l i e d  t o  minimize At .  
Lagrange e q u a t i o n  e v a l u a t e d  a t  AX = 0 g i v e s  a s i m p l e  r e l a t i o n s h i p  which 
i s  used t o  show t h a t  A t  is  a second o r d e r  f u n c t i o n  of @X. This  f u n c t i o n  
i s  e v a l u a t e d  n u m e r i c a l l y  f o r  t h e  second s t a g e  of a n  e a r l y  SA-6 d e s i g n .  
R e s u l t s  show t h a t ,  i f  the  m i s s i o n  i s  accompl ished ,  t h e  t h r u s t  a n g l e  may 
d i f f e r  by a s  much a s  2 degrees  throughout  t h e  second s t a g e  w i t h  a pro-  
p e l l a n t  p e n a l t y  of o n l y  34 pounds. It fo l lows  t h a t  t h e  c a p a b i l i t y  of 
meet ing  the  m i s s i o n  is t h e  prime r e q u i s i t e  of a gu idance  f u n c t i o n  and 
o p t i m a l i t y  is then  o n l y  a second o rde r  c o n s i d e r a t i o n .  
The r e s u l t i n g  E u l e r -  
I. INTRODUCTION 
The t a s k  of c o n s t r u c t i n g  a guidance  f u n c t i o n  t o  de t e rmine  t h e  t h r u s t  
a n g l e ,  X, t h a t  meets  a g iven  mis s ion  under  t h e  c o n s t r a i n t  of minimum pro -  
p e l l a n t  consumption can be  c o n s i d e r a b l y  s i m p l i f i e d  by f i r s t  i n v e s t i g a t i n g  
t h e  p e n a l t y  f o r  n o n - o p t i m a l i t y .  It is  assumed t h a t  miniqum p r o p e l l a n t  
consumption is e q u i v a l e n t  t o  minimum burn ing  t ime ,  and i t  w i l l  be shown 
t h a t  any a d d i t i o n a l  bu rn ing  time r e q u i r e d  is  a second o r d e r  f u n c t i o n  of 
t h r u s t  a n g l e  d e v i a t i o n s  from optimum provided  t h e  m i s s i o n  is  met.  A 
numer i ca l  example i s  inc luded  which cove r s  t h e  second s t a g e  of a 100 n.m. 
o r b i t a l  m i s s i o n  f o r  an  e a r l y  SA-6 d e s i g n .  The r e s u l t s  show t h a t  any 
gu idance  f u n c t i o n  which meets  t h e  r e q u i r e d  end c o n d i t i o n s  is  a c c e p t a b l e  
even though i t  d i f f e r s  from t h e  c a l c u l u s  of v a r i a t i o n s  s o l u t i o n  by as 
much a s  one o r  two degrees  throughout  t h e  e n t i r e  second s t a g e ,  
11. EULER-LAGRANGE EQUATIONS 
It is assumed t h a t  t h e  c a l c u l u s  of v a r i a t i o n s  s o l u t i o n  is  known 
f o r  a g iven  t r a j e c t o r y .  I f  the  t h r u s t  a n g l e ,  X, d e v i a t e s  s l i g h t l y  
f rom optimum, i t  has been shown i n  Reference  1 t h a t  t h e  e r r o r s  i n  end 
c o n d i t i o n s  @r and ne and t h e  a d d i t i o n a l  burn ing  t ime A t  can be  a d e q u a t e l y  
expres sed  a s  f o l l o w s :  







At = f h ( b X , t )  d t ,  
where 
Minimizing e q u a t i o n  ( 3 )  under t h e  c o n s t r a i n t  t h a t  e q u a t i o n s  (1) 
and ( 2 )  s a t i s f y  p r e s c r i b e d  c o n d i t i o n s  l e a d s  t o  the Euler-Lagrange equa- 
t i o n  [ Z ,  p .  511 
where 
f" = h + A,f + A2g. 
2 
I .- 
i S i n c e  f"' is independent  o f  2, equa t ion  ( 7 )  d e g e n e r a t e s  t o  t h e  fo l lowing :  
1 
which y i e l d s  t h e  f o l l o w i n g  necessa ry  c o n d i t i o n :  
S i n c e  the  s t a n d a r d  was assumed t o  be a c a l c u l u s  of  v a r i a t i o n s  s o l u t i o n ,  
e q u a t i o n  (9)  is s a t i s f i e d  f o r  Ax = 0 and t h e  fo l lowing  r e l a t i o n s h i p  i s  
de te rmined:  
Table  I shows t h e  numer ica l  va lues  ob ta ined  f o r  h,, f , ,  and gl .  The 
fo l lowing  v a l u e s  of Al and A2 were ob ta ined  by t h e  method of l e a s t  s q u a r e s .  
Al = - .08734 seclkm 
A2 = .8589 s e c l d e g .  
These v a l u e s  s a t i s f y  e q u a t i o n  (10) w i t h i n  t h e  numer ica l  accu racy  w i t h  
which h,, f , ,  and g, were de te rmined .  Th i s  is i l l u s t r a t e d  i n  Table  1 
where t h e  q u a n t i t y  h, + A,f, + A,gl is  shown. 
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AI = -.08734 sec/km 






































tn r tn r tn r 
From e q u a t i o n s  ( 4 )  and (5) t o g e t h e r  w i t h  e q u a t i o n s  (1) and (2),  






S u b s t i t u t i n g  t h e s e  v a l u e s  i n t o  e q u a t i o n  (11) y i e l d s  
t 
0 
T h i s ,  t o g e t h e r  w i t h  e q u a t i o n s  (3) and (6), g i v e s  t h e  f o l l o w i n g  e x p r e s s i o n  
f o r  A t .  
t n 
At = -A+- - A S 0  + 1 [ (h ,  t Alf2 + A2g2) AX2 + ... 1 d t .  
to 
5 




At = J [(h,  + Alf, + A2g,) m2 + ... I d t ,  
L L 
0 
and t h e  a d d i t i o n a l  bu rn ing  t ime At  r e s u l t i n g  from non-optimum X i s  a 
second o r d e r  f u n c t i o n  of AX. The s u f f i c i e n t  c o n d i t i o n  t h a t  t is a 
l o c a l  minimum is t h a t  h, + Alf, + A2g2 > 0, to 5 t 5 t,. 
I V ,  NUMERICAL RESULTS 
Table  I1 shows t h e  numer ica l  v a l u e s  o b t a i n e d  f o r  h,, f,, g2  and 
(h, + Al& + A2g2). 
is  shown i n  Table  111. This  q u a n t i t y  can be  used t o  o b t a i n  a good a p p r o x i -  
ma t ion  t o  the i n t e g r a l  of t h e  second o rde red  t e r m  i n  e q u a t i o n  (13) by t h e  
fo l lowing  summation. 
I n  a d d i t i o n ,  t h e  q u a n t i t y  h z ( t i )  = (h, + A l f ,  + hzgz) A t i  
12  
At = r h z ( t . 1  CX2(t i ) .  i, 1 
i= 1 
This  e x p r e s s i o n ,  i n  t u r n ,  has  t h e  fo l lowing  upper  bound: 
1 2  
7-7 
At 5 m: >, h z ( t i ) ,  
i=l 
which,  f o r  t h i s  example,  is 
At 5 .0409 m2 
m’ 
where 6 is  the  maximum v a l u e  of  I m ( t )  1 ,  to 5 t < t n .  
The p r o p e l l a n t  l o s s  N.J can be  expres sed  as f o l l o w s :  
= :At. 
For t h i s  example, W = 208 l b s / s e c ,  which y i e l d s  t h e  f o l l o w i n g  bound: 
CJW I 8.51 ( l b s / d e g 2 ) .  
6 














6 0 0  
TABLE I1 
f2 g 2  
( 1  0 '3km/deg2s e c )  ( 1  0' 5 / d e g  s e c )  
-. 3831 .8899 
-. 3516 .8798 
-. 3194 .8663 
-. 2863 .8482 
-. 2524 .8239 
- .2175 .7915 
-. 1819 .7483 
-. 1458 .6907 
-. 1096 .6131 
- .0742 .5074 
- .0408 .3602 
- .0118 .1485 
h2 






















1 , 0 4 2 8  
1.1832 
1.3834 
A, = - .08734 
h2 = .8589 s e c / d e g  
7 
TABLE I11 
t i  
(s-1 














4 0  
4 0  
4 0  
4 0  
4 0  
4 0  
40 
4 0  
4 0  
4 0  
40.68 
h E ( t i )  











.47 33  
.5628 
1 2  
F h z ( t i )  = 4 . 0 8 9 3  x 10" sec /deg2 
i= 1 
V. CONCLUSIONS 
Equa t ion  (17) shows t h a t  t h e  p r o p e l l a n t  p e n a l t y  from non-optimum 
guidance  i s  l e s s  t h a n  34 pounds even i f  t h e  t h r u s t  a n g l e  d e v i a t e s  from 
optimum by q s  much a s  2 deg rees  throughout  t h e  second s t a g e .  
c l e a r l y  i n d i c a t e s  t h a t ,  if a guidance  f u n c t i o n  can  be  de te rmined  which 
meets  t h e  m i s s i o n  w i t h i n  s a t i s f a c t o r y  l i m i t s  and p r e d i c t s  X w i t h i n  one 
o r  two degrees  of t h e  optimum v a l u e ,  t h e r e  is v e r y  l i t t l e  t o  be ga ined  
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